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Abstract
We present the quantum and classical study of a four-well trapped Bose-Einstein condensate (BEC) modeled by the
Bose-Hubbard Hamiltonian. The model used is fashioned as a minimal bipartite system consisting of a trimer coupled
weakly to a monomer. Semiclassical insights into the fragmentation dynamics of the condensate is obtained by
mapping out the Arnold web of the high dimensional classical phase space. A remarkable one-to-one correspondence
between the quantum state space in occupation number representation and the classical Arnold web in action space
is observed. The relevance of dynamical tunneling for the dynamics of Fock states near resonance junctions on the
Arnold web is highlighted. We also predict the possibility of manipulating the transport within the trimer subsystem
due to the weak coupling to the monomer.
Keywords: Bipartite Bose-Hubbard, Arnold web, classical-quantum correspondence, multiplicity-2 resonance
junctions, resonance-assisted tunneling, Bose-Einstein condensate
1. Introduction
Since the experimental realization of Bose-Einstein
condensate (BEC) [1–3], the stability of a trapped BEC
has been studied extensively. The Bose-Hubbard model
has been particularly useful[4–6] in understanding sev-
eral aspects of the trapped BECs. Interestingly, insights
into the fragmentation of the two[7–12] and the three
[13–16] well trapped BECs have been gained from ana-
lyzing the classical dynamics associated with the Bose-
Hubbard Hamiltonian (BHH). As the classical limit
Hamiltonian is nonlinear, phenomenon such as bifur-
cations, chaos leave their imprint on the quantum dy-
namics of the condensate. For example, in a two well
trapped BEC the experimentally observed[7] transition
from Rabi to Josephson regime is the quantum manifes-
tation of the classical bifurcation of a fixed point[17]. In
addition, the emergence[18] of the macroscopic quan-
tum self trapped states (MQST) can be predicted using
the classical Hamiltonian[19].
The classical Hamiltonian of a two well BEC has ef-
fectively one degree of freedom and it is classically in-
tegrable. However, addition of another well results in
a two degree of freedom classical Hamiltonian, which
in general is non-integrable and hence capable of ex-
hibiting mixed regular-chaotic dynamics. The emer-
gence of classical chaos in a non-integrable system has
its own unique influence on the condensate dynamics.
For example, the condensate stability in a three well
trapped BEC [13–16, 20] can be predicted by studying
the nature of underlying phase space; thus, the existence
of regular regions in the phase space leads to a stable
trapped condensate[14, 15]. Note that the trimeric sys-
tem leads to several interesting possibilities such as a
transistor like behaviour[21], as an atomtronic switch-
ing device[22], and as a source-drain transport of single
atoms[23].
Compared to the dimer and trimer, fewer studies have
been made on trapped four well BEC, particularly from
a semiclassical perspective. We mention a couple of
studies that have investigated the presence of coherence
oscillations [24, 25] and thermalization in model bipar-
tite monomer-trimer systems [26–28]. The paucity of
studies on multiple (> 3) well BEC from a semiclas-
sical perspective is in part due to the fact that such sys-
tems result in classical multiresonant Hamiltonians with
three or more degrees of freedom. The nature of classi-
cal transport in such systems is fundamentally different
from that of systems with two degrees of freedom. In
contrast to lower dimensional cases, the nonlinear reso-
nances form a connected network known as the Arnold
web, with resonance junctions formed by the intersec-
tion of two or more independent resonances. Such a fea-
ture cannot manifest in systems with less than three de-
grees of freedom[29]. The globally connected stochas-
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Figure 1: A schematic illustrating the correspondence between the
wells (sites) of a trapped BEC and the vibrations of a triatomic
molecule. The site occupancy ni map to the vibrational excitations
with quantum numbers vi and the Bose-Hubbard Hamiltonian model
for BEC corresponds to the effective spectroscopic Hamiltonian for
the molecule. See text for details.
tic layers along with the various junctions can result in
a form of long time phase space transport known as
Arnold diffusion. Although the timescales for Arnold
diffusion are possibly way too large for any observable
influence, the presence of resonance junctions can lead
to stability regimes called as the Nekhoroshev stability.
We refer the reader to some of the earlier works for a
detailed introduction to the field[30, 31]. Apart from
the consequences for classical phase space transport,
one other crucial aspect is to be noted in the context
of trapped BECs. Since the Arnold web is a network
of nonlinear resonances, one expects on rather general
grounds that the phenomenon of resonance-assisted[32]
and chaos-assisted[33] tunneling (RAT and CAT) will
also be sensitive to the features on the web. In par-
ticular, due to the substantial degeneracy of the quan-
tum states near the junctions one can have enhanced
quantum transport due to the availability of multiple
pathways[34–36]. Therefore, combined with the fact
that chaotic dynamics occurs in the vicinity of the junc-
tions, there is an intriguing possibility of subtle compe-
tition between the classical and quantum transport. Note
that recent studies[34, 37–39] in the molecular context
have started to make progress on unraveling the influ-
ence of the junctions on both the classical and quantum
transport. Thus, the multiple well trapped BECs provide
a possible paradigm to experimentally identify these in-
teresting higher dimensional transport and novel stabil-
ity regimes.
It is also interesting to mention a analogy between
the trapped BEC systems and the vibrational dynamics
of molecular systems. For several decades, molecular
spectroscopists have been dealing with effective Hamil-
tonians in order to correctly describe the spectra and dy-
namics of highly excited vibrational states of molecules.
The effective Hamiltonian in this instance is also an ex-
ample of a BHH, only with the sites being the vibra-
tional modes and the particles (site occupancies) being
the number of vibrational excitation quanta (see Fig. 1).
Nonlinearities in the molecular context arise due to the
intrinsic anharmonicity of the bonds whose correct de-
scription is paramount to assigning the spectra. The
nonlinearities play a crucial role in the dynamics and are
also responsible, via different types of bifurcations, for
several novel modes of vibration that can appear or dis-
appear in a vibrationally excited molecule[40, 41]. For
instance, the classical bifurcation resulting in the Rabi
to Josephson transition[7] in trapped BEC corresponds
to a normal to local mode transition in molecules. In
particular, a large body of theoretical work has focused
on understanding and assigning the complicated quan-
tum eigenstates from a classical-quantum correspon-
dence viewpoint[42]. Such analysis are very impor-
tant for understanding the phenomenon of intramolec-
ular vibrational energy redistribution in molecules and
ultimately lead to the formulation of accurate theories
of reaction dynamics[39, 43–45].
In this article we study a particular four well trapped
BEC system that has been analyzed in detail by Khrip-
kov, Cohen, and Vardi[26–28]. The system can be
thought of as a linear trimer BEC coupled weakly to
a fourth well or monomer. We investigate the influence
of the weakly coupled monomer on the trimer subsys-
tem by mapping out the Arnold web of the system. This
allows us to highlight the competition between the clas-
sical and quantum transport in terms of the dynamics
and stability of certain initial trimer configurations. In
particular, we show that the quantum dynamics senses
the classical Arnold web and illustrate the influence of
a resonance junction on the fragmentation dynamics of
the BEC.
2. Theory and Methods
2.1. The Model Hamiltonian: Quantum aspects
We consider a four site BHM consisting of a lin-
ear trimer chain weakly coupled to a monomer. A
schematic of the model is shown in Fig. 2(b) and such
minimal models have been studied in detail by Khrip-
kov, Cohen and Vardi[26] to understand the mechanism
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of onset of thermalization in bipartite systems. We uti-
lize the same Hamiltonian as in these earlier studies and















≡ ĤT + ĤM (1)
The trimer Hamiltonian ĤT pertains to the linear three-
well system. The perturbing monomer interaction










â†j â0 + h.c.
)
. (2)
The bosonic operators, â j, â
†
j and n̂ j = â
†
j â j are the anni-
hilation, creation and number operator respectively as-
sociated with the jth well. The site energies (interaction
between particles in a well) are denoted by U and K is
the interwell hopping (also called the tunneling) term
that couples the trimer wells. The strength Kc in ĤM is
the coupling strength between the trimer system and the
monomer. In particular a finite value of Kc can cause
particle exchange between the trimer and the monomer
wells.
It is useful to define the trimer population x =
∑3
i=1 ni.
In the absence of the monomer-trimer coupling i.e.,
Kc = 0 one has [Ĥ, x̂] = 0. Therefore, the trimer popula-
tion is a conserved quantity. However, with Kc , 0 the
trimer population x is no longer conserved. Neverthe-
less, the total particle number N = x+n0 =
∑3
j=0 n j com-
mutes with the Hamiltonian [Ĥ, N̂] = 0, and is therefore
a global conserved quantity for the coupled monomer-
trimer system. At this stage note that the dynamical









Note that the effective Planck constant for the system is
then N−1 and the trimer subsystem can be classified as
being in the Rabi (u < 1), Josephson (1 < u < N2),
and Fock (u > N2) regimes. The parameters used in this
work are N = 40, U = 0.5, K = 0.1, and Kc = 0.05.
This choice of parameters implies the scaled parameter
values of u = 5x and k = 0.5 and hence the system
is expected to be in the Josephson regime. Apart from
the fact that similar parameters have been used in earlier
studies, as seen in the next section, the strong on-site in-
teraction results in a weakly perturbed classical Hamil-
tonian. The classical phase space of such Hamiltonians
generically have mixed regular and chaotic features and
therefore a rather structured Arnold web.
The quantum dynamics of an initial nonstationary
state can be calculated using the eigenstates and eigen-
values of the full quantum Hamiltonian. Specifically,
due to the constancy of N (the total particle number)
the Hamiltonian matrix is block-diagonal with a finite
Hilbert space dimension of (N +1)(N +2)(N +3)/6. The
eigenstates |Ψα〉 with eigenenergies Eα are expressed in




Cnα|n1, n2, n3; N〉 (4)
In the above we use the notation |n〉 ≡ |n1, n2, n3; N〉 ≡
|n0 = N − n1 − n2 − n3, n1, n2, n3〉 for simplicity. Note
that in our computations we use a symmetric basis as in
earlier studies[28] on the same model system. A mea-
sure for the extent of localization of an eigenstate in the





For states that are completely localized or delocalized
the limiting values of IPR are ≈ 1 and ≈ N−1 re-
spectively. Conversely, an initial Fock state’s time-





and a measure for the number of eigenstates that con-
tribute to the dynamics of the initial state is gauged by





Again, low (high) values of σn signal a large (small)
number of eigenstates that participate in the dynamics
of the initial state of interest.
An interesting question to ask at this stage, from a
thermalization perspective, is the fate of a trimer eigen-
state upon coupling of the monomer. Note that the
trimer eigenstate, characterized by a constant x0, in the
absence of the monomer-trimer coupling (Kc = 0) is a
stationary state and the dynamics remains confined to
the constant x = x0 manifold. However, for Kc , 0
x is no longer conserved. As a consequence the trimer
eigenstate that initially belongs to a specific x-manifold
will mix with the trimer eigenstates belonging to the dif-
ferent x-manifolds. In other words, the uncoupled delta
distributed δ(x − x0) will now spread and is described




























Figure 2: The distribution of x = n1 + n2 + n3 at time Kt = 1000 for three example trimer eigenstates upon coupling the monomer. The selected
trimer eigenstate belong to the x = 25 (blue squares), x = 24 (red triangles) and x = 23 (green circles) manifold. (a) Inset showing the same plot
on a log-scale. (b) A schematic of the four-site Bose-Hubbard model with the site numbering used in the text. Value of the parameters used are
U = 0.5,K = 0.1,Kc = 0.05, and N = 40.
Figure 2 we show such a mixing among the different
x-manifolds for one trimer eigenstate each belonging
initially to the x = 23, 24, and 25 manifold. The ob-
served long-time spreading along x gauges the extent to
which the monomer-trimer coupling perturbs the trimer
dynamics. In Fig. 2(a) the mixing of the different x-
manifolds is shown on the log-scale. Clearly, fig. 2(b)
reveals subtle aspects of the mixing that are not apparent
from inspecting the distribution on a linear scale. Note
that, not all the trimer eigenstates show influence of the
coupling and there do exist trimer eigenstates that essen-
tially remain unperturbed. Following Khripkov et al[26]
it is possible to understand the distribution P(x, x0; t)
by studying the associated Fokker-Planck equation and
comparing to the classical ergodic predictions. How-
ever, we do not take this approach and instead show that
the observed differences in spreading in Fig. 2 is closely
related to the features in the classical Arnold web and
their implication for the quantum dynamics.
2.1.1. Measures for gauging the influence of the
monomer on the trimer dynamics
In addition, for the specific model of interest, it is use-
ful to further define two quantities. The first one has to
do with a measure of the influence of the monomer per-
turbation in eq. 2 on the dynamics of the initial states
belonging to the trimer subsystem. Generally, the di-
lution factor of a Fock state for the uncoupled system
(Kc = 0) and the coupled system (Kc , 0) are expected
to be different. To extract the influence of the monomer,





By definition, the trimer Fock states which are influ-
enced by the presence of the monomer will have σ̃n < 1
whereas for the protected trimer states σ̃n ≈ 1 is ex-
pected. The former case leads to a strong breakdown
of the constancy of x and implies particles exchange be-
tween the trimer and the monomer. A second set of mea-
sures, which are experimentally measurable in trapped
BEC systems, are the various population imbalances.








(n1 + n3 − 2n2)
N
Computing X1 and X2 as a function of time for Kc , 0
and comparing the results to the uncoupled trimer case
Kc = 0 is expected to reveal the extent to which the
monomer influences the dynamics of the initial Fock
4
state of interest. In what follows, the DFR and popula-
tion imbalance measures will be used to understand the
mechanism of x-mixing and the location of protected
trimer states.
2.2. Classical limit Hamiltonian: Nonlinear reso-
nances and the zeroth-order Arnold web
The classical analogue of the quantum Hamiltonian








I j e−iθ j (10)
for the jth-site where, (I, θ) are the classical action and
angle variable respectively. The corresponding classical
Hamiltonian can be expressed in action-angle variables
as
H(I, θ) ≡ HT (I, θ) +HM(I, θ) (11)
with the trimer Hamiltonian being









I1I j cos θ1 j (12)
and the perturbing monomer Hamiltonian correspond-








I0I j cos θ0 j (13)
In the above we have used the notation θkl ≡ θk−θl. Note
that even with Kc = 0 the trimer HamiltonianHT is clas-
sically non-integrable. The HamiltonianH(I, θ) has the
form of a typical multidimensional resonant Hamilto-
nian and, in analogy to the quantum case, one can ex-




I j ≡ xc + I0 (14)
is a conserved quantity i.e., the Poisson bracket
{H ,N} = 0. In other words, N is a constant of the mo-
tion. Similarly, analogous to the quantum x̂, the quantity
xc =
∑3
j=1 I j is conserved for Kc = 0.
SinceN is a globally conserved quantity, the full cou-
pled trimer-monomer Hamiltonian can be reduced via a
suitable canonical transformation to an effectively three
degrees of freedom system. Moreover, the fixed points
of the reduced Hamiltonian will correspond to periodic
orbits of the original system and it is possible to analyze
the stability of the periodic orbits and their bifurcations
with varying system parameters. However, we do not
undertake this task in the present work and instead focus
on the structure of the Arnold web and its influence on
the classical and quantum dynamics. For further anal-
ysis it is useful to rewrite the Hamiltonian H(I, θ) of
eq. 11 in the form of a typical multidimensional reso-
nant Hamiltonian














I0I j cos θ0 j
(16)





and the location of the various resonances and their
Chirikov widths in the I space can be determined. From
the form of the perturbation term V(I, θ) above it is clear
that the various actions are all involved in five pairwise
1 : 1 nonlinear resonances. The resonant surfaces can
then be projected onto a convenient two-dimensional
action subspace. For example, the five resonances can
be expressed in (I2, I3) space as
Ω0(I) = Ω1(I) =⇒ RM1 : I3 = (2xc − N) − I2
Ω0(I) = Ω2(I) =⇒ RM2 : I2 = N − xc
Ω0(I) = Ω3(I) =⇒ RM3 : I3 = N − xc
Ω1(I) = Ω2(I) =⇒ RT1 : I3 = xc − 2I2
Ω1(I) = Ω3(I) =⇒ RT2 : 2I3 = xc − I2
In the above RM j and RT j stand for the three monomer-





K respectively. The disposition
of these resonances along with their intersections for a
given (xc,N) forms the Arnold web.
Note that for a fixed (xc,N) it is not necessary that all
the resonances intersect to generate multiplicity-2 res-
onance junctions in the action subspace of choice. In
fact, it can be shown that the RM j resonances will inter-
sect in the (I2, I3) space for xc ≥ 2N/3. In other words
only if the trimer population is sufficiently large then
resonance junctions manifest in the(I2, I3) space. How-
ever, intersections can happen in a different projection
and an example of this can be seen later. Moreover,
due to the constraint I2 + I3 ≤ xc, in the (I2, I3) space
the projected Arnold web is restricted to a triangular re-
gion with Imax2 = I
max
3 = xc. The constraint arises due










Figure 3: (a) The classical Arnold web projected onto the (I2, I3) space for three different values of the trimer population x with total number
of particles N = 40. Note that FLI values ≥ 5 are color coded as yellow.(b) The corresponding quantum dilution factor ratio σ̃n of eq. 8 shown
projected onto the (n2, n3) space. In (a) the zeroth-order prediction of the various resonances are also shown. The two trimer resonances RT j are
indicated as red lines. The three monomer-trimer resonances RM j for j = 1, 2, 3 are shown as cyan, magenta, and white lines respectively.
to quantum populations which are necessarily positive.
It is also possible to locate the various multiplicity-2
junctions on the Arnold web from the zeroth-order ar-
guments. In particular it can be shown that all five
resonances intersect at (I×2 , I
×
3 ) = (N/4,N/4) provided
xc = 3N/4.
2.2.1. Computation of the Arnold web
The description of the Arnold web in the previous
section is expected to be reasonably accurate for weakly
coupled systems. However, the zeroth-order arguments
cannot yield the correct resonance widths and the nature
of the dynamics near different resonance junctions. The
zeroth-order web, representing the “geography” of the
resonance network up to some finite order, does not nec-
essarily indicate the dynamical dominance of specific
resonances either[38]. Consequently, it is important to
map out the true Arnold web for the system at the pa-
rameters of interest. Therefore, we now explicitly map
the classical Arnold web for the system of interest using
the technique of fast Lyapunov indicator (FLI)[46, 47].
The details of the FLI technique and its implementation
have been discussed in several earlier works. Therefore,
we provide a brief description below and refer to the
published literature for further details.
To construct the Arnold web for a given xc, the ini-







0 ) = (0, 0, 0, 0) and a 500 × 500 grid
of initial actions (I(0)2 , I
(0)
3 ) is constructed. The other ac-
tions are obtained from the conserved quantity, I(0)0 =
N − xc and I
(0)




3 . The initial condi-
tions are then propagated for a total time t f = 5000 units
(corresponding to Kt f = 500). The FLI values at the fi-
nal time are projected on to the (I2, I3) space. Note that
equivalent representations can be obtained with differ-
ent choices of the initial angles and the action subspace
of interest. Furthermore, the final time considered here
are fairly long and larger values of t f do not significantly
alter the features of the computed Arnold web.
3. Results and discussions
3.1. Arnold web: classical-quantum correspondence
In Fig. 3(a), we show the Arnold web for three differ-
ent values of the trimer population x (equivalently xc).
These values are selected to show the web structure for
xc < 2N/3 (no intersection of the RM j), xc = 3N/4
(all resonances intersect), and xc > 2N/3 (several dis-
tinct resonance junctions). In Fig. 3(a) the center of the
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resonances predicted from the zeroth order Hamiltonian
are also shown superimposed on the FLI-based web.
Clearly the five nonlinear resonances are visible and the
agreement between the zeroth-order prediction and the
computed web are fairly good. Note that the FLI values
are color coded such that the orange regions correspond
to chaotic regions while the blue and green regions in-
dicate the regular regions. As expected chaotic regions
are observed in the vicinity of the resonance junctions.
Specifically, at junctions formed by the intersection of
RT j and RM j resonances one expects a significant pertur-
bation of the trimer population due to the monomer. It is
also worth observing from Fig. 3(a) that with increasing
xc the RM j resonances sort of sweep through the (I2, I3)
space, intersecting the RT j at (N/4,N/4) = (10, 10),
and finally disappearing for sufficiently large xc.
Given the way in which the Arnold webs in Fig. 3(a)
are constructed, it is natural to enquire if the features of
the web influence the dynamics of the initial Fock states
|n1, n2, n3; N〉. Towards this end in Fig. 3(b) we show the
DFR, defined in eq. 8, associated with the Fock states.
In order to compare with the Arnold web the DFRs are
projected onto the corresponding (n2, n3) quantum oc-
cupation number space. The classical-quantum corre-
spondence between the classical Arnold web features
and the quantum DFR values is striking. In particular,
one can clearly see the DFRs reflecting the geography
of the resonance network. Such a detailed correspon-
dence has been seen earlier in a different context. It
is evident from Fig. 3(b) that the location of the frag-
mented Fock states (σ̃n < 1) due to the monomer-trimer
perturbation are exactly where the resonances involv-
ing the monomer are present. For instance, Fig. 3(a)
shows that for x = 24, 36, only the trimer resonances
are present in the region around I1 ≈ I2 ≈ I3 and the
resonances involving the monomer are away from that
region. However, for x = 30, all the resonances inter-
sect at I1 = I2 = I3 = x/3 ≡ N/4. Consequently,
for x = 24 and 36 around I1 ≈ I2 ≈ I3 the presence
of only trimer resonances causes transport (fragmenta-
tion) within the trimer subsystem i.e., σ̃n ≈ 1. In other
words such trimer configurations are protected from the
monomer-trimer perturbation. On the other hand, for
x = 30 the intersection of all the resonances around
I1 ≈ I2 ≈ I3 leads to particle exchange among all the
four wells and therefore σ̃n < 1. In this case the trimer
configuration |N/3,N/3,N/3; N〉 is no longer protected.
It is also interesting to note that trimer configurations of
the form |0, x, 0; N〉 and |0, 0, x; N〉, components of the
so called “NOON states”, are protected for x = 30 but
not so much for x = 24 and x = 36.
We end this section by making a few observations.
Firstly, along a single resonance in Fig. 3(a), and away
from a junction, the particle exchange within the two
wells involved is similar to the typical two well trapped
BEC dynamics. Thus, one may anticipate the existence
of MQST states. However, near a resonance junction
the presence of multiple resonances involves three or
more wells in the dynamics. The particular wells which
are actively involved in the fragmentation of the BEC
are identifiable from the Arnold web. The excellent
correspondence between the DFRs and the Arnold web
features therefore suggests that the stability of specific
trimer configurations of interest can be predicted by re-
ferring to the underlying classical Arnold web. Sec-
ondly, a closer inspection of Fig. 3(b) reveals subtle
variations in the DFR even in the (un)protected regions.
The origins for such behaviour has to do with the phe-
nomenon of CAT[33, 48, 49] and RAT[32, 49, 50] in the
vicinity of the multiplicity-2 resonance junctions and
has been brought out clearly in earlier works[34, 39, 51]
on different model systems. Near a resonance junction
one expects a competition between transport due to lo-
cal classical chaos and quantum transport dressed due to
dynamical tunneling among near-degenerate states. In
fact, hints of a Nekhoroshev type stability can be seen
in Fig. 3(b) even for x = 30. We anticipate that these
observations are connected to the work[28] of Khrip-
kov et al wherein they argue that the glassiness of the
quantum network of transitions leads to a percolation-
like dynamics and slow thermalization in model bipar-
tite systems. Similar arguments and observations have
been made nearly two decades ago in the context of
IVR in molecules and the persistence of nonstatistical
reaction dynamics even at fairly high excitation ener-
gies and density of states. It is also interesting to com-
pare our Arnold webs to the recent study[52] by Nigro
et al wherein a ring shaped four-site trap potential is an-
alyzed.
3.2. Fock state dynamics and the Arnold web: dynami-
cal tunneling and resonance junctions
A comparison of Fig. 3(a) and (b) reveals that much
of the rich structure on the Arnold web does influence
the quantum dynamics of the BEC. Indeed, with in-
creasing particle number N (decreasing ~eff ∼ 1/N)
even the tiniest features on the Arnold web should be
sensed by the quantum dynamics. Therefore, a detailed
study of various classes of initial trimer states with the
Arnold web as a template is certainly worth investigat-
ing. However, as a preliminary effort, in the current
study we illustrate the interplay of classical and quan-
tum transport induced by features on the Arnold web
for three example Fock states. The states of interest are
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|15, 0, 10; 40〉, |16, 0, 8; 40〉, and |17, 0, 6; 40〉. The mo-
tivation for the specific states considered is threefold.
Firstly, these states correspond to initial configurations
with one of the trimer wells being empty. In the con-
text of trapped BEC the dynamics of such single well
depleted states is of interest. A second motivation has
to do with the fact that the initial trimer eigenstates uti-
lized in Fig. 2 have dominant contribution from the Fock
states of interest. Thus, the expectation is that the long
time distribution P(x) observed in Fig. 2 can be ratio-
nalized based on the corresponding Fock state dynam-
ics in the presence of the monomer-trimer perturbation.
Thirdly, as shown and discussed below, the chosen set of
states approach a junction on the Arnold web, resulting


















Figure 4: The average quantum (dashed line) and classical (solid
line) population imbalance X1 (cf. eq. 9) as a function of time for the
Fock states |15, 0, 10; 40〉 (blue), |16, 0, 8; 40〉 (red) and |17, 0, 6; 40〉
(green). (Top panel) Monomer uncoupled (Kc = 0) and (Bottom
panel) Monomer coupled (Kc , 0. Note that the colors assigned to
the Fock states are consistent with the colors in Fig. 2 associated with
the trimer eigenstates. Thus, for instance, the Fock state |15, 0, 10; 40〉
contributes dominantly to the initial trimer eigenstate used in Fig. 2
with x = 25.
3.2.1. Population imbalance: quantum versus classical
In order to set the tone for the following discussions,
Fig. 4 shows the time dependence of the avearge quan-
tum, and the analogous classical, population imbalance
X1 (see eq. 9) for the three states. The X2 measure in
eq. 9 is not shown here since there is no new informa-
tion to be gained for the set of states that are of interest.
This has to do with the fact that the well number two
remains unoccupied, as can also be expected based on
the location of the states on the Arnold web. The un-
coupled Kc = 0 (Fig. 4 top panel) results are compared
with the coupled Kc , 0 (Fig. 4 bottom panel) to assess
the influence of the monomer-trimer coupling. We no-
tice distinctively different behaviours even though the
states are located very closely in the Fock space. In
the case of the state |17, 0, 6; 40〉 neither the quantum
nor the classical population imbalance shows any sig-
nificant decay with time irrespective of the presence or
absence of the monomer coupling. Therefore, this par-
ticular trimer configuration is fairly well protected. In
case of the state |16, 0, 8; 40〉, for Kc = 0 both the clas-
sical and quantum X1 do not decay indicating that the
trimer configuration is robust. However, with a finite
monomer-trimer coupling the state is protected classi-
cally but not quantum mechanically. The quantum X1
shows oscillations with multiple timescales, implying
that the fragmentation of this state is mainly due to a
quantum mechanism. Typically, based on earlier stud-
ies, we anticipate the quantum mechanism to be associ-
ated with the phenomenon of RAT. In contrast, the state
|15, 0, 10; 40〉 exhibits a more complicated behaviour.
Even for Kc = 0 there is quantum fragmentation, while
it is classically protected, and the X1 shows nearly co-
herent oscillations (period Kt ∼ 100). Again, quantum
dynamical tunneling within the trimer subspace is ex-
pected to be the cause of the observed fragmentation.
With the monomer coupled, the quantum X1 shows an
oscillatory behaviour, but less coherent. Interestingly,
with the monomer coupled the classical X1 also decays
and hence the dynamics of |15, 0, 10; 40〉 is presumably
due to a mix of classical and quantum transport.
3.2.2. Survival probabilities: dynamical tunneling?
Clearly, understanding these three distinctively differ-
ent behaviour of the population imbalance and therefore
the spreading along X in Fig. 2 requires further analysis.
To this end we compute the probabilities
pn′n(t) ≡
∣∣∣∣〈n′|e−iĤt |n〉∣∣∣∣2 (18)
where we have denoted |n〉 = |n1, n2, n3; N〉, the initial
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Figure 5: Survival probability for the Fock state |17, 0, 6〉 for the un-
coupled (Kc = 0, black) and coupled (Kc = 0.05, green) cases.
Quantum cross probability for the state |n′〉 = |16, 0, 6; 40〉 (violet)
for the coupled case is shown. Note that the cross probability for
the state |18, 0, 6; 40〉 (not shown) is nearly the same as that of state
|16, 0, 6; 40〉.
on the flow of probability through the quantum number
space and for the choice |n′〉 = |n〉 we have the survival
probability pnn(t) ≡ pn(t), also known as the autocor-
relation function or the fidelity of the given state. Note
that the Fourier transform of pnn(t) yields the local den-
sity of states (LDOS) which is of interest to studies on
thermalization in interacting many-body systems.
First consider the fragmentation of the state
|17, 0, 6; 40〉. The relevant survival probabilities are
shown in Fig. 5 and it is clear that in absence of the
monomer the condensate does not fragment. Upon cou-
pling the monomer the survival probability exhibits fast
nearly periodic oscillations on a timescale of Kt ∼ 0.5.
The cross-survival probability analysis shows that the
probability flows dominantly to the states |n1, 0, 6; 40〉,
n1 = 16, 18 nearly equally. The probability flow es-
sentially indicates the influence of the hopping term
(â†1â0 + h.c.), which corresponds classically to the RM1
monomer-trimer nonlinear resonance. The equivalent
probability flow to states |16, 0, 6; 40〉 and |18, 0, 6; 40〉
indicates that on average n̄1 = 17 and hence, as seen
in Fig. 4, X1 does not show appreciable decay. Simi-
lar conclusions result from the classical survival prob-
ability results (not shown). Moreover, since the states
correspond to |16, 0, 6; 40〉 and |18, 0, 6; 40〉 the trimer
population x = 22 and x = 23 respectively, the obser-
vations support the peaks seen in Fig. 2 for the specific
trimer eigenstate distribution. As will be seen below, it
is reasonable to associate the dominant features of the
x-diffusion in Fig. 2 with the classical dynamics.
The fragmentation dynamics of the state |16, 0, 8; 40〉
is shown in Fig. 6(a) and compared to Fig. 5 the dy-
namics is much more complicated with the involvement
of several Fock states. The short time decay (not ap-
parent from the plot due to averaging) exhibits fast os-
cillations on a Kt ∼ 0.5 timescale as before. Again,
this timescale is associated with probability flow to the
states |15, 0, 8; 40〉 and |17, 0, 8〉 due to the (â†1â0 + h.c.)
and hence classically associated with the location of the
state in the RM1 resonance. Thus, analogous to the dis-
cussions above, the classical X1 in Fig. 4 with Kc , 0
does not vary significantly with time. On the other hand,
the quantum X1 in Fig. 4 does exhibit non-trivial time
dependence and hence must be due to dynamical tun-
neling pathways. Indeed, as shown in Fig. 6(b), there is
considerable probability flow to a set of states that are
not connected by classical pathways. The time scales
seen in Fig. 6(b) clearly correlate with the longer de-
cay time scale (Kt ∼ 100) seen in Fig. 6(a) as well
as in Fig. 4 for the population imbalance. It is inter-
esting to note from Fig. 6(b) that there is a substantial
probability flow from |16, 0, 8; 40〉 to |8, 0, 16; 40〉 i.e.,
a total of eight bosons being exchanged between the
trimer wells. Several potential pathways can be con-
structed for the same. However, as an example, the path-
way |16, 0, 8; 40〉 → |15, 0, 8; 40〉 → |13, 0, 9; 40〉 →
|9, 0, 13; 40〉 → |8, 0, 16; 40〉 is particularly interesting
since it involves a mix of classical and quantum mecha-
nisms. The first and the third legs of the pathway are
classically allowed. The second leg |15, 0, 8; 40〉 →





0 to be feasible. Similarly, the last leg of
the pathway is classically forbidden and requires a dif-
ferent higher order coupling term. Based on previous
studies[51, 53] it is expected that such higher order ef-
fective couplings implicate the phenomenon of RAT.
In Fig. 7(a) we show the fragmentation dynamics of
state |15, 0, 10; 40〉. It is interesting to note that, in con-
trast to the case of |16, 0, 8; 40〉, the survival probabil-
ity for the uncoupled trimer already shows coherent os-
cillations and particle exchange between well one and
three leading to a substantial probability flow to the state
|10, 0, 15; 40〉, a net five particle exchange. This particle
exchange is reflected in Fig. 4 as X1 shows coherent os-
cillation even for Kc = 0. The timescale associated with
this quantum transport is Kt ∼ 55 and the hopping term
(â†1â3 + h.c.) must be responsible. However, it is crucial
to note that these two states are not connected classically
for Kc = 0, thus implicating the RAT mechanism. In
contrast, for Kc , 0 multiple timescales emerge and the
probability flows between the states |15, 0, 10; 40〉 and
|10, 0, 15; 40〉 on a faster timescale Kt ∼ 16. The pres-
ence of multiple timescales suggests the availability of
other pathways due to involvement of the monomer. As
example, we show in Fig. 7(b) two of the states which
participate in the dynamics. The fact that the population
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Figure 6: (a) Survival probability for the Fock state |16, 0, 8〉 for the
uncoupled (Kc = 0, black) and coupled (Kc = 0.05, red) cases. Cross
probability for the state |15, 0, 8; 40〉 is shown as filled gray region.
Note that all the probabilities have been smoothed to suppress the
high frequency oscillations. The oscillations are evident in the cross
probabilities shown below. (b) Cross probabilities for select states
involved in the dynamics of the Fock state |16, 0, 8; 40〉 in the cou-
pled case with Kc = 0.05. The states shown are |8, 0, 16; 40〉 (violet),
|9, 0, 13; 40〉 (orange), and |8, 0, 15; 40〉 (blue). Note that classically
there is no probability flow into these states.
gests that for Kc , 0 the states involved in the dynamics
are connected by classical pathways as well. Our com-
putations (not shown) indicate that classical mixing be-
tween the states exists, albeit dynamical tunneling still
is the dominant mechanism.
3.2.3. Tying it all together: Arnold web perspective
We now argue that the results of Fig. 4 and the as-
sociated quantum probabilities seen in Figs. 5-7 can be
rationalized based on the relative locations of the three
states on the Arnold web. It is useful to note that all
three states of interest have n0 = n1 and hence one ex-
pects the monomer-trimer resonance RM1 plays a key
role in the dynamics. Moreover, with decreasing n1 the
states approach the condition n1 = n3 i.e., the trimer
resonance RT2. In fact, classically the following reso-
nances (with constraint I2 = 0) are expected to be im-
portant:
RT2 : I0 = N − 2I1 (19)
RM1 : I0 = I1 (20)
RM3 : 2I0 = N − I1 (21)
The first two resonances above intersect at (I×1 , I
×
0 ) =
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Figure 7: (a) Survival probability for the Fock state |15, 0, 10〉 for
the uncoupled (Kc = 0, solid black) and coupled (Kc = 0.05,
solid blue) cases. The corresponding cross probabilities for the state
|10, 0, 15; 40〉 are shown as dotted lines. (b) Cross probabilities for
select states involved in the dynamics of the Fock state |16, 0, 8; 40〉 in
the coupled case with Kc = 0.05. The states shown are |10, 0, 14; 40〉
(violet) and |12, 0, 12; 40〉 (orange). Note that all the probabilities have
been smoothed to suppress the high frequency oscillations.
by the junction.
In Fig. 8 the FLI-based computation of the Arnold
web is shown projected on the (I1, I0) space. In order
to make contact with the quantum results discussed in
the previous section, we also show the flow of the quan-
tum probability in the action space superimposed on the
Arnold web. Note that the Fock states being accessed at
regular time intervals up to a final time Kt = 1000 are
shown as circles with radii proportional to the respec-
tive probabilities. Thus, one can readily get information
about the dominant states and potential pathways that
utilize specific resonances.
It is clear that the state |17, 0, 6; 40〉 is in the RM1 res-
onance and away from the junction. Since the RM1 res-
onance channel is present only for Kc , 0, the Arnold
web and dynamics in Fig. 8(a) explains the survival re-
sults in Fig. 5 - the states |n1, 0, 6; 40〉 with n1 = 16, 18
are located within the RM1 zone and hence accessible
both classically and quantum mechanically. At the other
end, the state |15, 0, 10; 40〉 is under the influence of the
junction i.e., multiple resonances. Consequently, the lo-
cal chaos near the junction leads to classical mixing as
well. Note that this also explains the survival results in
Fig. 7(a) for Kc = 0. In this case the resonance RM1
and RM3 are absent and only the trimer resonance RT2
































Figure 8: The Arnold web in the (I1, I0) space corresponding to the Fock states (a) |17, 0, 6; 40〉 (b) |16, 0, 8; 40〉 and (c) |15, 0, 10; 40〉. These webs
have been constructed using the FLI measure with the constraint I2 = 0. The multiplicity-2 junction at (I1, I0) ≈ (14, 14) formed by the intersection
of the resonances RM1,RT2, and RM2 can be clearly seen. In every plot the quantum probability flow to different participating Fock states at times
Kt = 0, 10, 20, . . . , 1000 are shown as yellow circles, with radius ∝ probability.
and |10, 0, 15; 40〉 is almost symmetric with respect to
the RT2 resonance center which leads to RAT connect-
ing the states. It is hence not surprising that there is
no classical pathway connecting the two states. With
Kc , 0 the junction forms and the local chaos results
in classical pathways opening up. Dynamical tunneling
still occurs but becomes less coherent due to the com-
peting classical pathways.
The Fock state |16, 0, 8; 40〉 can be considered as dy-
namically being in the “transition” zone - the coupling
of the monomer opens up RAT pathways that are un-
available to the state |17, 0, 6; 40〉, but there is still no
access to the classical pathways that are available to
the state |15, 0, 10; 40〉. Therefore, for Kc , 0, the
state is protected classically but not quantum mechan-
ically. Finally, the observation made previously that
the |15, 0, 8; 40〉 → |13, 0, 9; 40〉 classically forbidden




0 is easy to under-









the fourth order resonance 2Ω1 − Ω3 − Ω0 = 0. Such
a higher order resonance is precisely expected to be in-
duced at the multiplicity-2 junction formed by the reso-
nances Ω1−Ω3 = 0 (RT2) and Ω1−Ω0 = 0 (RM1). Indeed
we have perturbatively confirmed that such a resonance
is induced at the junction which gives rise to RAT be-
tween |15, 0, 8; 40〉 and |13, 0, 9; 40〉.
4. Conclusions and outlook
In this study we have analyzed a minimal bipartite
(trimer plus monomer) Bose-Hubbard model, utilized
earlier for highlighting the role of chaos in the ther-
malization of a many-body system, from a detailed
classical-quantum perspective. For this purpose we
have explicitly mapped the Arnold web of the system
using the technique of fast Lyapunov indicator. We
have demonstrated that the quantum dynamics senses
the classical Arnold web. As a consequence the initial
trimer configurations that are robust under the monomer
perturbations can be predicted. Furthermore, due to the
richness of the features on the Arnold web, various path-
ways open up for utilizing the weak monomer coupling
to manipulate the transport within the trimer subsystem.
For instance, the monomer can lead to the inversion of
the trimer configuration. In addition, the timescale of
transport within the trimer subsystem can be modulated
by coupling to the monomer. It would be interesting to
study the “diffusion” on the Arnold web and compare
to the Fokker-Planck diffusion equation model[26] for
the trimer population distribution. In this context, based
on the recent results[34, 37, 38], the role of the reso-
nance junctions needs to be explored further since the
effects of the junction can persist for stronger couplings
as well. Therefore we anticipate that further detailed in-
vestigation of the dynamics near the junction will yield
valuable insights into the issue of thermalization.
A second observation that arises from the current
work is that the proximity of an initial state to a reso-
nance junction can trigger quite different fragmentation
dynamics for trimer configurations which are very sim-
ilar. As shown here, the differences arise due to the ex-
tent to which dynamical tunneling (resonance-assisted
and potentially chaos-assisted) dominates the fragmen-
tation process. Recently, Vanhaele and Schlagheck have
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shown[54] that robust NOON states can be generated
efficiently by utlizing a combination of CAT and RAT
mechanisms in a driven Bose-Hubbard dimer. Simi-
larly, Arnal et al have experimentally demonstrated[55]
the role of CAT in designing tunable effective superlat-
tices. Note that the dynamics of a periodically driven
trimer[56] has a higher dimensional phase space and is
best understood in terms of the Arnold web. In this
regard our results in Fig. 7(a) indicate that being in
the vicinity of a resonance junction can lead to a fast
(Kt ∼ 30) exchange of bosons between the two trimer
wells. Thus, engineering specific resonance junctions
on the Arnold web by modulating the driving frequen-
cies may allow for the creation of novel multimode
NOON states. However, we point out that a rich enough
Arnold web structure emerges only when the number
of particles in the BEC is sufficiently large. Neverthe-
less, semiclassical investigations of thermalization and
dynamical tunneling in multi-site Bose-Hubbard mod-
els from the Arnold web perspective may prove worth-
while.
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Appendix A. Bose-Hubbard Hamiltonian for BEC
in an external trap
In this appendix we provide a brief derivation of
a general Bose-Hubbard Hamiltonian (BHH). Details
of the derivation and validity of the various approxi-
mations can be found in several works. Consider the
Hamiltonian for N weakly interacting spinless bosons
in an external trapping potential Vex(r)
















with V(r − r′) being the two-body interaction term and
Ψ†(r),Ψ(r) being the field creation-annhilation opera-
tors satisfying the commutation rule [Ψ(r),Ψ†(r′)] =
δ3(r − r′). Under cold and dilute conditions typically
the two-body term is replaced with a point-like approx-
imation
V(r − r′) ≈
4πas~2
m
δ3(r − r′) ≡ gδ3(r − r′) (A.2)
with as being the s-wave scattering length. Thus, one







Furthermore a mean-field treatment is motivated by ex-
pressing the field operator as
Ψ(r) = 〈Ψ(r)〉 + Ψ′(r) (A.4)
where, 〈Ψ(r)〉 ≡ φ(r) is the order parameter (also called
as the condensate wavefunction) and Ψ′(r) accounts for
the fluctuations leading to the depletion of the BEC con-
densate. The classical field φ(r) yields the condensate
density and obeys the celebrated Gross-Pitaevskii equa-
tion (GPE).
In this work, however, the focus is on the Bose-
Hubbard description rather than the GPE. The BHH
mapping is obtained by expanding the field operator in
some convenient basis. For a BEC trapped in a n-well
(site) external potential one can utilize a localized single





with α indexing the states within a given well. The oper-
ator anα is the usual bosonic annhilation operator satis-
fying the commutation relation [anα, a
†
n′α] = δnn′ . In the
low temperature dilute gas limit, only the lowest state in
each well is relevant (the so called lowest band approxi-
mation) and thus the index α can be safely ignored from
our discussions. Substituting the above expansion into
the Hamiltonian in Eq. A.2, with the form of HI shown































The BHH system in Eq. A.6 arises in many different
contexts, characterized by different origins and interpre-
tations of the parameters (εnm,Tklmn).
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